Abstract. We give some tautological constructions of formal Frobenius manifold structures on a Frobenius algebra. As a consequence, one can construct a version of "quantum cohomology" for any connected oriented closed manifold, in the sense that it is a deformation given by a function which satisfies the WDVV equations. We compute the potential functions for complex projective spaces.
Introduction
A consequence of the results in this paper is that one can construct a version of "quantum cohomology" for every connected oriented closed manifold. It is well-known that the de Rham cohomology of a smooth manifold has a natural ring structure given by the wedge product. The notion of quantum cohomology is concerned with deformations of de Rham cohomology ring (algebra). The general theory of deformations of rings and algebras was developed by Gerstenhaber [11] in the sixties. However, the constructions for deformations of de Rham cohomology ring appeared much later in the nineties, with motivations from string theory. String theorists suggested a construction called quantum cohomology by Gromov-Witten invariants in symplectic geometry and enumerative algebraic geometry. Since important geometric information is encoded in such deformations, they have attracted a lot of attention.
Closely related to the study of quantum cohomology is the notion of a Frobenius manifold introduced and extensively studied by Dubrovin (see [10] and the references therein). Frobenius manifolds are used to give coordinate free formulation of WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations (cf. [9] and [21] ). We are interested in families of deformations of a Frobenius algebra which are given by potential functions. The associativity for all of the perturbed multiplications gives the WDVV equations. In Manin [17] , formal power series solutions to WDVV equations are called formal Frobenius manifold structures. They give formal deformations with some nice properties.
Return now to the problem of deforming the de Rham cohomology. We are interested in finding algebraic constructions. In joint work with Cao [2, 3] , a deformation of the wedge product on any Poisson manifold and the so-called quantum de Rham cohomology were introduced. Motivated by the idea of mirror symmetry, we also used the method of DGBV algebras [1, 17] [18] .) In [5] , under the natural identification of the Dolbeault cohomology with the de Rham cohomology, these formal Frobenius manifold structures are shown to be identical. The above results have been generalized to hyperkähler manifolds [6] and the equivariant cohomology [7] of Kähler manifolds.
All of the above constructions use some special geometric features of the symplectic or Kähler manifolds, hence will not apply for arbitrary manifolds. In a recent paper [22] , the author used the formulas in Merkulov [19] to show that one can obtain an A ∞ algebra structure on the de Rham cohomology of any closed oriented Riemannian manifold. In fact, there is a construction of a structure of A ∞ -algebra on the de Rham cohomology implicitly in Chen's work [8] . See e.g., Gugenheim-Stasheff [13] and Zhou [23] . Such results motivate this work. Recall that a formal Frobenius manifold structure is equivalent to a cyclic Comm ∞ -algebra structure ( [16] , see also §2). In this paper, we show that for any Frobenius algebra, there is a tautological construction of a formal Frobenius manifold structure on it. Furthermore, for any Frobenius algebra with identity which satisfies some simple conditions, there is a tautological construction of a formal Frobenius manifold structure with identity on it. We also show that over R and C, the potential series always converges, hence we obtain families of Frobenius algebras. In particular, when applied to the de Rham cohomology of any connected closed oriented manifold, our constructions yields what we call the tautological Frobenius structure on de Rham cohomology. As first proved by Ruan-Tian [20] , quantum cohomology theory via Gromov-Witten invariants provides constructions of formal power series solutions to the WDVV equations on the de Rham cohomology of certain symplectic manifolds. So as mentioned in the abstract and the first paragraph, our construction gives a version of "quantum cohomology" for an arbitrary closed oriented manifold.
The rest of the paper is arranged as follows. In §2, we review the definition of formal Frobenius manifold structure and its equivalence with cyclic Comm ∞ -algebra structure. We give our tautological constructions in §3. Applications to the de Rham cohomology and calculations for CP n appear in §4. 
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Formal Frobenius manifold structures and Comm ∞ -algebras
Let k be a commutative Q-algebra, H a free k-module of rank n. Assume that H is endowed with a symmetric bilinear form g : H ⊗ H → k which is nondegenerate in the sense that it induces an isomorphism H → H t , where H t denotes the dual module. Given a commutative associative multiplication
for any X, Y, Z ∈ H, then we say g is an invariant inner product on the k-algebra (H, ·), and the triple (H, ·, g) is called a Frobenius algebra. When 1 ∈ H is an identity for the multiplication, set : H → k by X = g (1, X) . It is called the integral on (H, ·, g). Clearly and g determine each other:
Given a Frobenius algebra (H, ·, g), its structure is determined by some constants g ab and φ c ab defined as follows. Choose a basis {e a } of H, then
From (1), one sees that φ is symmetric in the three indices. Hence φ can be regarded as a cubic polynomial on H. The associativity of the multiplication is equivalent to the following system of equations
where (g ab ) is the inverse matrix of (g ab ). When (H, ·) has an identity 1, one can recover the inner product and multiplication from φ by
Here we have taken e 0 = 1.
Definition 2.1.
A formal Frobenius manifold structure on (H, g) is a formal power series Φ (called the potential function) which satisfies the WDVV equations:
where {x a } are the linear coordinates in {e a }.
Given a potential function Φ, let φ denote its degree three part. Set φ c ab = φ abp g pc , then the rule e a · e b = φ c ab e c defines a structure of a Frobenius algebra on (H, g). If we have φ 0ab = g ab , then e 0 is the identity for (H, ·). The formal Frobenius manifold structure defines a formal deformation of this Frobenius algebra (with n parameters) in the space of Frobenius algebras. Let K be the space of formal power series on H t , and set
where
Then it is easy to see that
WDVV equations imply that
• defines an associative multiplication on H K . In fact, WDVV equations were discovered by considering deformations of Frobenius algebras, see e.g., DijkgraafVerlinde-Verlinde [9] . We will refer to the Frobenius algebra (H, ·, g) determined by the cubic term of Φ the initial data of the WDVV equations. Assume that (H, ·) has an identity 1 = e 0 , a formal Frobenius manifold structure is said to have an identity if
Equivalently, x 0 does not appear in terms of degrees ≥ 4 in Φ. Since
• e a = e a for all a (or equivalently, 1 is an identity for •) if and only if
This is equivalent to (5).
It is not always practical to directly check that a given formal power series satisfies the WDVV equations. We will use an equivalent description.
Definition 2.2.
A Comm ∞ -algebra structure on a free k-module is a sequence of symmetric products • n : ⊗ n H → H which satisfies the higher associativity equations
Here, if S = {s 1 , . . . , s k } is a finite set, x S is an abbreviation for x s 1 , . . . , x s k , and we write • n (x 1 ⊗· · ·⊗x n ) = (x 1 , . . . , x n ). Here the sum is taken over disjoint unions S 1 S 2 such that S 1 ∪ S 2 = {1, . . . , n}.
Suppose that H has a nondegenerate symmetric bilinear form g :
In Getzler [12] , Comm ∞ -algebras were called hypercommutative algebras. They also find their roots in string theory, see e.g., Dijkgraaf-Verlinde-Verlinde [9] . As shown by Manin ([16] , Chapter III, Theorem 1.5), there is a one-toone correspondence between the set of formal Frobenius manifold structures on (H, g) with the set of cyclic Comm ∞ -algebra structures. In fact, modulo terms of degree ≤ 2,
Of course it is natural to extend it by
And when H has a unit 1, extend it further by
We will call
the normalized potential function. Using the higher multiplications, the product • defined in (4) is equivalent to a multiplication given in Getzler [12] :
where x = x a e a , and • is the product on H K defined by (4). 
Proof. Notice that each Y n is symmetric, then we have
g(e a • e b , e c ) = ∂ 3 Φ ∂x a ∂x b ∂x c = n≥3 1 n! ∂ 3 ∂x a ∂x b ∂x c Y n (x, . . . , x n times ) = n≥3 n(n − 1)(n − 2) n! Y n (e a ,
Tautological constructions Theorem 3.1. If (H, ·, g) is a Frobenius algebra, then
is a formal Frobenius manifold structure with (H, ·, g) as initial data.
Proof. Clearly we have
Since (H, ·, g) is a Frobenius algebra, (6) and (7) are easily verified.
It is clear that the normalized potential function Φ(x) is
Here we assume that 1 = 0. Compare with (3.18) in Dijkgraaf-VerlindeVerlinde [9] and (3.17) in Witten [21] . Now we assume that the Frobenius algebra (H, ·, g) has an identity 1, equivalently, there is an injective k-algebra homomorphism : k → H. Assume that H has an augmentation, i.e., a k-algebra homomorphism µ :
Theorem 3.2. If (H, ·) is an augmented commutative associative algebra with identity, then
defines on H a Comm ∞ -algebra structure which satisfies (9) .
Proof. Since all the x s j 's in (6) appear asx s j , if any x s j lies in (k), then both sides of (6) vanish. So we can assume that all the x s j 's lie in H. If a = 1, then the only possibly nonzero term on the left hand side of (6) is   ((1, b), c, x 1 , . . . , x n ) = (b, c, x 1 , . . . , x n ), while the only possibly nonzero term on the right hand side is (1, (b, c, x 1 , . . . , x n )) = (b, c, x 1 , . . . , x n ).
Then (6) holds. So we can assume that a ∈ H. We can similarly treat the case of b = 1 or c = 1. Now if a, b, c and all x s j lie in H, then clearly (6) holds.
Let (H, ·, g) be an augmented Frobenius algebra with identity. If we set
then it is easy to see that Y n+1 is not cyclic. We shall instead set
To find the higher multiplication (x 1 , . . . , x n ) this defines, notice that
We need to find a linear operator p such that
To this end, we assume that there is an element v ∈ H and a decomposition v is called the volume element of (H, ·, g ). Let p : H → kv be the projection given by x → ( x)v. Then we have
Theorem 3.3. Suppose (H, ·, g) is an augmented Frobenius algebra with identity and a volume element v, such that
Proof. We have
and for n > 2,
Then (7) and (9) are clearly satisfied. We now verify (6) . As in the proof of Theorem 3.2, we can assume that a, b, c and all x s j 's lie in H. Now since the multiplication of v with any element in H vanishes, we have
Similarly, the calculation for
yields the same result. The proof is complete.
Remark 3.1. Write x = x a e a = x 0 1 +x. Then the normalized potential function is given by
When k = R or C, H is isomorphic to R n or C n , and so it has an induced metric from the standard metric on R n or C n . Then there are constants c 1 and c 2 such that
Note also |x| ≤ |x|. Then we have
Therefore, the formal power series Φ in Theorem 3.1 and Φ in Theorem 3.3 both converge for all x ∈ H. Hence we obtain self-parameterizing family of Frobenius algebras from our constructions. 
Tautological Frobenius structure on de Rham cohomology
There are easy generalizations of the above results to graded situations. For graded version of WDVV equations and formal Frobenius manifold structures, the interested reader can consult Manin [17] . 
Since this is a polynomial, it is of course different from the potential function for quantum cohomology of CP n which contains e x 1 (see e.g., Kontsevich-Manin [14] , §5). The generating functional for these potential functions has a very simple form. We setx(q) = x 1 q + x 2 q 2 + · · · + x n q n + · · · . For a polynomial φ in q, denote by φ (n) the degree n part of φ. Then we have n≥1 i+j=n 1≤i,j≤n 
then we have 
